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POOR AND PI-POOR ABELIAN GROUPS 


RAFAIL ALIZADE AND ENGiN BUYUKA§IK 


Abstract. In this paper, poor abelian groups are characterized. It is proved 
that an abelian group is poor if and only if its torsion part contains a direct 
summand isomorphic to ® p gpZ p , where P is the set of prime integers. We also 
prove that pi-poor abelian groups exist. Namely, it is proved that the direct 
sum of where U ranges over all nonisomorphic uniform abelian groups, 

is pi-poor. Moreover, for a pi-poor abelian group M, it is shown that M can 
not be torsion, and each p-primary component of M is unbounded. Finally, 
we show that there are pi-poor groups which are not poor, and vise versa. 


1. Introduction 

Let I? be a ring with an identity element and Mod-R be the category of right 
.R-modules. Recall that a right i?-module M is said to be TV-injective (or injective 
relative to TV) if for every submodule K of TV and every morphism / : K — > M 
there exists a morphism / : TV —> M such that / \k = /• For a module M, as 
in [2], the injectivity domain of M is defined to be the collection of modules TV 
such that M is TV-injective, that is, 3n -1 (M) = {TV € Mod — R\M is TV-injective}. 
Clearly, for any right i?-module M, semisimple modules in Mod- R are contained in 
3n _1 (M), and M is injective if and only if 3n~ 1 (M) =Mod-R. Following [I], M is 
called poor if for every right i?-module TV, M is TV-injective only if TV is semisimple, 
i.e. 3n _ (M) is exactly the class of all semisimple right i?-modules. Poor modules 
exists over arbitrary rings, see [3] Proposition 1]. Although poor modules exist over 
arbitrary rings, their structure is not known over certain rings including also the 
ring of integers. 

A right R-module TV is pure-split if every pure submodule of TV is a direct 
summand. Let K and TV be right T?-nrodules. K is TV -pure-injective if for each 
pure submodule L of TV every homomorphism / : L — > K can be extended to a 
homomorphism g : TV —>• K. Following [7], a right i?-module M is called pure- 
injectively poor (or simply pi-poor) if whenever M is TV-pure-injective, then TV is 
pure-split. It is not known whether pi-poor modules exists over arbitrary rings. 
In particular in [7] some classes of abelian groups that are not pi-poor are given 
but the authors point out that they do not know whether a pi-poor abelian group 
exists. 

The purpose of this paper is to give a characterization of poor abelian groups, 
and also to prove that pi-poor abelian groups exists. 
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Namely, in section 2, we prove that an abelian group G is poor if and only if 
the torsion part of G contains a direct summand isomorphic to © p gpZ p , where P 
is the set of prime integers (Theorem 13.11) . 

Section 3 is devoted to the proof of the existence of pi-poor abelian groups. Let 
{A 7 |7 £ T} be a complete set of representatives of isomorphism classes of reduced 
uniform groups. We prove that the group M = © 7gr A 7 ^ is pi-poor (Theorem 
14.11) . In addition, it is proved that if G is a pi-poor abelian group then G is not 
torsion, and the p-primary component T p (G) of G is unbounded for each prime p. 

2. Definitions and Preliminaries 

We recall some definitions and results which will be useful in the sequel. For 
more details we refer the reader to [5j. By group we will mean an abelian group 
throughout the paper. Let p £ P be a prime integer. A group G is called p-group 
if every nonzero element of G has order p n for some n £ Z + . For a group G, T(G) 
denote the torsion submodule of G. The set T p {G) = {a £ G\p k a = 0 for some k £ 
Z + } is a subgroup of G, which is called the p-primary component of G. For every 
torsion group G, we have G = © pe pT p (G). A subgroup A of a group B is pure 
in B if nA = A D nB for each integer n. A monomorphism (resp. epimorphism) 
a : A — > B of abelian groups is called pure if a(A) (resp. Ker(a)) is pure in B. 
For any group G, the subgroups T(G) and T P (G) are pure in G. A group G is said 
to be bounded if nG = 0, for some nonzero integer n. Bounded groups are direct 
sum of cyclic groups UK Theorem 17.2]. An group G is called a divisible group if 
nG = G for each positive integer n. A group G is called a reduced group if G has no 
proper divisible subgroup. Note that, since Z is noetherian, every group G contains 
a largest divisible subgroup. Therefore G can be written as G = N © D, where N 
is reduced and D is divisible subgroup of G. 

Definition 2.1. (see 0) Let p £ P. A subgroup B of a group A is called a p-basic 
subgroup of B if it satisfies the following three conditions: 

(i) B is a direct sum of cyclic p-groups and infinite cyclic groups; 

(ii) B is p-pure in A i.e. pA = A HpB; 

(iii) A/B is p-divisible, i.e. p(A/B ) = A/B. 

Lemma 2.2. 

(a) [5, Theorem 32.3] Every group G contains a p-basic subgroup for each p £ 

P. 

(b) 0 Theorem 27.5] If H is a pure and bounded subgroup of a group G, then 
H is a direct summand of G. 

For q ^ p g-basic subgroups of p-groups are 0, so only p-basic subgroups of p- 
groups may be nontrivial. Therefore they are usually called simply basic subgroups. 
Clearly basic subgroups of p-groups are pure. Subgroups of the group of the rational 
integers Q are called rational groups. Let A be a uniform group. Then, it is easy 
to see that, either A is isomorphic to a rational group or A = Z p n, for some 
p £ P and n £ Z + . For a torsion-free group G, we shall denote the (torsion- 
free) rank (=uniform dimension) of G by ro(G) (see, 0). By [5] page 86, Ex. 3], 
ro(G) = ro{H)+ro(G/H) for each subgroup H of G. A torsion-free group G is said 
to be completely decomposable if G = ©* 6 /A'i, where / is an index set and each Ki 
is isomorphic to a rational group, i.e. ro(Ad) = 1 for each i £ I. 
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3. POOR ABELIAN GROUPS 

In this section we give a characterization of poor groups. In pQ, the authors 
prove that the group © pg pZ p is poor. The following result shows that, this group 
is crucial in investigation of poor groups. 

Theorem 3.1. A group is poor if and only if its torsion part has a direct summand 
isomorphic to © pg pZ p . 

Proof. To prove the necessity, let G be a poor group and let p be any prime. If 
T P (G) = 0, then G is IV-injective for every p-group IV, therefore T p (G) ^ 0. If every 
element of order p of G is divisible by p , then G is Z p 2 -injective since Z p 2 has only 
one nontrivial subgroup: pZ p 2 . So there is at least one element a p with \a p \ = p , 
that is not divisible by p. Then the cyclic group < a p > is a p-pure subgroup 
of T P (G), therefore a pure subgroup of T P (G). Since bounded pure subgroups are 
direct summands, < o p > is a direct summand of T p (G). Hence © pg p < a p > is a 
direct summand of © pg pT p (G) = T(G). Clearly © pg p < a p >= © pg pZ p . 

Conversely suppose that T(G) contains a direct summand isomorphic to ©Z p . 
Let V be a direct summand of T(G) such that V = Z p . Then V is pure in G, 
because T(G) is pure in G. So V is a direct summand in G by [51 Theorem 27.5]. 
This implies, for each prime p, G contains a direct summand isomorphic to Z p . 
Now, suppose G is IV-injective for some group N. Then Z p is IV-injective for each 
prime p. Suppose that N is not semisimple (not elementary in terminology of [5]). 
Then there is an element a of infinite order or with o(a) = p n where p is a prime 
and n > 1. In first case (a) = Z and in second case (a) = Z p n. So Z p must 
be Z- injective or Z p n-injective by [SI Proposition 1.4]. But the homomorphism 
/ : pZ —>- Z p with /(p) = 1 cannot be extended to g : Z —> Z p since otherwise 
1 = /(p) — 9ip) = Pff(l) = 0 and Z p is isomorphic to the subgroup (p ra_1 ) of Z p » 
which is not a direct summand of Z p »». So in both cases we get a contradiction, 
that is N is semisimple. □ 

The following is a consequence of Theorem 13.11 

Corollary 3.2. For a group G, the following are equivalent. 

(1) G is poor. 

(2) The reduced part of G is poor. 

(3) T(G) is poor. 

(4) For each prime p, G has a direct summand isomorphic to Z p . 

4. PI-POOR ABELIAN GROUPS 

In [7], the authors investigate the notion of pi-poor module and study properties 
of these modules over various rings. In particular they give some classes of groups 
that are not pi-poor and point out that they do not know whether a pi-poor group 
exists or not. In this section we shall prove that pi-poor groups exist. 

Theorem 4.1. Let {H-Jy £ T} he a complete set of representatives of isomorphism 
classes of uniform groups. Then the group 

M = 0 A W 

7^r 

is pi-poor. 
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Before proving the theorem, we will first give some lemmas. Throughout this 
section M denotes the group given in Theorem 14.II 

The following result is well known. We include it for completeness. 

Lemma 4.2. Let R be a ring and L, N be right R-modules. Let K be a pure 
submodule of N. If L is N -pure-injective, then L is both K-pure-injective and 
N/ K -pure-injective. 

Proof. Let A be a pure submodule of AT and / : A —>• L be a homomorphism. Then 
A is pure in N, and so / extends to a map g : N —>• L. It is clear that g\x '■ K —> L 
is an extension of / to K. Hence L is A'-pure-injective. Now, let X/K be a pure 
submodule of N/I\ and / : X/K —> L be a homomorphism. Since K is pure in N 
and X/K is pure in N/K , X is pure in N. Therefore there is a homomorphism 
g : N —>■ L such that f tt' = gi , where i : X —> N is the inclusion and 7 t' : X X/K 
is the usual epimorphism. Since g(K) = 0, Ker(7r) C Ker(p), where 7r : N —> N/K is 
the usual epimorphism. Therefore there is a homomorphism h : N/K —» L such that 
hn = g. Then for each x £ X, h(x + K) = h(ir(x)) = g(x) = (fir')(x) = f(x + K). 
That is, h extends /. Hence L is iV/A'-pure-injective. 

□ 


Lemma 4.3. Let G be a reduced torsion group. The following are equivalent. 

(1) M is G-pure-injective. 

(2) T p (G) is bounded for each p £ P. 

(3) G is pure-split. 

Proof. (1) =>■ (2) Write G = ® p ^pT p (G). Let B P (G) be a basic subgroup of T p (G). 
Then B p {G) is pure in T P (G), and so in G and T P (G)/B P (G) is divisible. We claim 
that, B P (G) is bounded. Suppose the contrary that B P (G) is not bounded. Then 
for every positive integer n, B P (G) contains an element of order p n . In this case, 
since B p {G) is a direct sum of cyclic p-groups, there is an epimorphism 

B p (G) 4 Z p =o -a- 0, 

where the restrictions of g to the cyclic summands of B p (G) are rnonic. It can be 
proved as in 0 Lemma 30.1] that g is a pure epimorphism, i.e. K = Ker (g) is a 
pure submodule of B P (G). Now K is pure in B P (G) and is a direct sum of cyclic 
p-groups. Since M contains a direct summand isomorphic to K, and B P (G) is a 
pure subgroup of G, K is H p (G)-pure-injective. Therefore B P (G) = K(B% P °°. This 
contradicts with the fact that B P (G ) is reduced. Hence B p {G) is bounded, and so 
B p (G) is a direct summand of G. The fact that G is reduced and T P (G)/B P (G) 
divisible implies that B p {G) = T p {G). 

(2) =>- (3) Let H be a pure subgroup of G. Since G = (B p epT p (G) and H = 
© pe pTp(74), T P {H) is a pure subgroups of T P (G). Then T P {H) is a direct summand 
of T P (G) by [5J Theorem 27.5], Let T p (G) = T p {H) © N p , where N p < G. Then 
G = ©p 6 p[Tp(74) © N p ] = (©pgpTp(U)) © (©pgpiVp) = H © (ffipgpATp). Hence G 
is pure-split. 

(3) =>■ (1) Clear by the definition. □ 

Remark 4.4. Pure-split groups are completely characterized in [4]. The implications 
(2) 4=> (3) in Lemma 14.31 also can be found in [4] . 

Lemma 4.5. Let B be a p-group. Suppose that M is B-pure-injective. Then B is 
pure-split. 
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Proof. Let D be the divisible subgroup of B and A be a pure subgroup of B. Then 
B = C®D for some reduced group C. Let Da be the divisible subgroup of A. Then 
Da < D, and D = D\ © Da for some D\ < D. So B = C © Di © Da = E © Da 
where E = C © D\. By modular Law A = {E n A) © Da- Then L = E D A is 
a pure submodule of B. Hence M is L-pure-injective, and L = A/Da is reduced. 
Therefore L is bounded by Lemma I I. .11 Since L is pure in B, L is also pure in E. 
Then E = K ® L for some K < E by [5] Theorem 27.5]. Then B = E © Da = 
K © L © Da = K © A. So H is a direct summand in B. Hence B is pure-split. □ 

Lemma 4.6. If N is a reduced torsion-free group such that M is N-pure-injective 
then N is pure-split. Moreover, N is completely decomposable with finite rank. 

Proof. Take any 0 ^ a\ £ N and let G\ = {a; £ N \ mx £ (an) for some 0 / m £ Z} 
(that is G i is the subgroup purely generated by ai). Clearly G\ is a pure subgroup 
of N and isomorphic to a rational group, so M has a direct summand isomorphic 
to G\. Therefore G± is a direct summand of N, that is N = G\ © N\ for some 
Ni < N. If Ni ^ 0 we can find in similar way a pure subgroup G 2 of N\ purely 
generated by an element 02 - Clearly M is Ab-pure-injective, so N\ = G 2 © _/V 2 . 
The same can be done for AT 2 if AT 2 ^ 0 and so on. If this process continuous 
infinitely then N contains a subgroup ©i^Gj which is pure as a direct limit of 
pure subgroups. Therefore M is ©g 1 G*-pure-injective. For each ai, i = 1,2,... 
there is a homomorphism /,; : (cu) —> Q with f(at) = i. Since Q is injective 
there is a homomorphism / : ffi^Gi —> Q with /(a*) = fi(ai) = \. Clearly / 
is an epimorphism. Since Q is torsion-free, K = Ker(/) is a pure subgroup of 
©^Gj. Let T be the set of all completely decomposable pure subgroups of K 
and R be the set of all subgroups of K of rank 1. Define order A on T as follows: 
©Se/'S' A ©s g j5 if I C J C R. If P is any chain in T, then U x^pX is clearly a 
completely decomposable and pure subgroup of K, since the direct limit of pure 
subgroups is pure. So by Zorn’s Lemma there is a maximal element B = ®sgtR in 
r. Since K is countable T is also countable, so B is a direct summand of K , that 
is K = B © G for some G < K. If G ^ 0 then as at the beginning of the proof we 
can find a pure subgroup of X of G of rank 1. Clearly B © X £ T. Contradiction 
with maximality of B. So G = 0. Then K is a direct summand of ffi^Gj. So 
©i^uGi = K © Q. But ffi^xGi is reduced. Contradiction. Thus the process must 
be finite, that is N = Gi © G 2 © • • • © G„ for some n £ Z + . To show that N is 
pure-split let L be a pure subgroup of N. Then M is L-pure-injective, so it is the 
direct sum of groups of rank one of finite number as we have proved above. Then 
L is a direct summand of N, because IV-pure-injectiveness of M implies that the 
inclusion L —> N is splitting. Hence N is pure-split and completely decomposable 
with finite rank. This completes the proof. □ 

Lemma 4.7. Let N be a torsion-free group. If M is N-pure-injective, then N is 
pure-split. 

Proof. Let K be a pure subgroup of N = A® D, where D is the divisible subgroup 
of N. Let Dk be the divisible subgroup of K. Then Dk < D, and so D = D\®Dk 
for some D\ < D. So TV = A © Di © Dk = E © Dk, where E = A © D\. By 
modular law, K = ( EHK)®Dk■ Denote ECiK = L. Then L = K/Dk is reduced 
and pure in N. Hence M is L-pure-injective, and so L = for some rational 

groups R\,... R n , by Lemma 14.61 Then M contains a direct summand isomorphic 
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to L. So the inclusion L TV splits, i.e. TV = L ® H for some H < N. Since L 
is reduced, Dk < H. Then TV = L © Dk © H' = K ® H'. This implies that TV is 
pure-split. □ 

Definition 4.8. (See, 0) Let G be a torsion-free group and a £ G. Given a prime 
p, the largest integer k such that p k \a holds is called the p-height h p {a) of a; if no 
such maximal integer k exists, then we set h p (a) = oo. The sequence of p-heights 


X(a) {hpi ( 11)7 hp2 5 hp n (n), *) 


is said to be the characteristic of a. Two characteristics (Aq, k%, • • •) and (Zi, I 2 , • • •) 
are equivalent if k„ ^ l n holds only for a finite number of n such that in case k n ^ l n 
both k n and l n are finite. An equivalence class of characteristics is called a type. G 
is called homogeneous if all nonzero elements of G are of the same type. 


Corollary 4.9. Let N be a torsion-free reduced group. The following are equivalent. 

(1) M is N-pure-injective. 

(2) N is pure-split. 

(3) N is a completely decomposable homogeneous group of finite rank. 

Proof. (1) <S=> (2) By Lemma [4761 

(2) <^- (3) See [4j or [6} Ex.8, page 116]. 

□ 


Now we can prove our theorem. 

Proof of Theorem 14.11 Let M be G-pure-injective for some group G. We 
have G = N ® D for some reduced group N and a divisible group D. Then M 
is TV-pure-injective, and since T(N) is a pure subgroup of TV, M is T(TV)-pure- 
injective and M is TV/T(TV)-pure-injective. Then, by Lemma 14.31 and Lemma |4.61 
T(TV) = (B p& pBp(N) and TV/T(TV) = ® ie /iVj, where for each p G P, B p (N ) is a 
bounded p-group, / is a finite index set and each Ki is isomorphic to a rational 
group. We claim that T(TV) is a direct summand in TV, that is, the short exact 
sequence 

E : 0 —>■ T(N) -A TV -> TV/T(TV) -> 0 
is splitting. By [5] Theorem 52.2] there is a natural isomorphism 

Ext(TV/T(TV),T(TV)) = Ext(0 K it T(TV)) S Ext^, T(TV)) 

ie/ ie/ 

induced by the inclusions ay : Kj —> ffi,; e /A'j. Therefore it is sufficient to prove that 
each short exact sequence 

Eaj : 0 -4 T(N) -A TV' 4 K 0 ->■ 0 

is splitting. We have the following commutative diagram with exact columns and 


rows. 


POOR AND PI-POOR ABELIAN GROUPS 


7 


0 0 


E : 0-T(TV)-TV'---s- K J -- 0 

a i 

E otj : 0-- T(TV)-- TV -- ffi ie/ Ab -- 0 


(BijtjKi = (Bi^jKi 


0 0 

Since ©ig/Aj is torsion-free, TV' is a pure subgroup of TV, therefore M is TV'-pure- 
injective. There is a countable set {nj~\k = 1, 2, • • • } in TV' such that the elements 
f(rik) generate Kj. By [SJ Proposition 26.2], there is a countable pure subgroup 
L of TV' containing the subgroup ^ fc=1 Znfc. Then M is A-pure-injective as well. 
Clearly f(L) = Kj and Ker(/|£) = T(L). Since L is countable, T{L) is a countable 
subgroup of T(N). But T(TV) is a direct sum of cyclic primary groups, therefore 
T(L) is a countable direct sum of cyclic primary groups and hence is isomorphic to 
a direct summand of M. Since T(L) is a subgroup of L and M is A-pure-injective, 
T(A) is a direct summand of A. We have the following commutative diagram with 
exact rows: 


E' : 0-^ T(A)-^ A-^ K, -0 

P 

Eay : 0-^ T(TV)-^ TV'-^ Kj -^ 0 

where /3 is the inclusion. Since E' is splitting E aij = /3E is also splitting. So 
TV = T(TV) © K , where T(TV) and K are groups as in Lemma T4.31 and Lemma T4.61 
respectively. This proves our claim. 

To prove that G is pure-split take a pure subgroup A of G. By the first part of 
the proof, we have 

G = N © D = T(TV) © A' © T(D) © D' = (T(TV) © T(D)) © (A © D ') = T(G) © G'. 

Then for eachp £ P, T p {A) is a pure subgroup of T p (G). Therefore T p (A) is a direct 
summand of T p (G) by Lemma \4. 5 1 Then T(A) is a direct summand of T(G). We 
have a homomorphism / : A/T(A) —> G/T(G) defined by f(a + T(A)) = a + T(G). 
If f(a + T(A)) = 0 then a £ T(G) fl A = T(A), hence a + T(A) = 0, so / is a 
monomorphism. Now claim that Im(f) is a pure subgroup of G/T(G ). To show 
this, let a + T(G) = m(b + T(G)) for some a £ A, b £ G, 0 ^ m £ Z. Then 
a — mb £ T(G ), therefore ka = kmb for some 0 k £ Z. Since A is pure in G, 
ka = kina' for some a' £ A. Then a — ma' £ T(A ), hence a + T(A) = m(a' + T(A)). 
So Im(f) is pure. Since G/T(G) = G' is pure-split by Lemma IT71 / is splitting. 
As A is a pure subgroup of G, M is A-pure-injective. So again by the first part of 
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the proof A = T(A ) © K' for some K' < A with K' = A/T(A). Then the inclusion 
map A = T(A ) © K' —> G = T{G ) ffi G is splitting, that is, A is a direct summand 
in G. This completes the proof. 

5. STRUCTURE OF PI-POOR ABELIAN GROUPS 

In this section, we prove some results concerning a possible structure of pi-poor 
groups. 

Proposition 5.1. If G is pi-poor group, then T p {G ) is unbounded for each p £ P. 

Proof. Suppose G is pi-poor and T p (G) is bounded for some p £ P. Then T p (G) is 
pure-injective and T p (G) is a direct summand of G, because T p (G) is also pure in G. 
Consider the group ©JjT 1 Z p n. We claim that, G is ©Jj? =1 Z p T,-pure-injective. Let H 
be a pure subgroup of ffi^ =1 Z p n and f : H G be a homomorphism. Since H is a 
p-group, /(if) C T P {G). So that / extends to a homomorphism h : ©J^Zpn — y G, 
because T p (G ) is pure-injective. This proves our claim. 

We shall see that ©JjTjZp" is not pure-split. There is an exact sequence 

E : 0 -A K -A ©~ =1 Z p n 4 Zpoo -a- 0. 

By the same arguments as in the proof of Lemma 14.31 E is pure, i.e. K is pure 
in ©jjT 1 Zpn. Since ffij^Z p n is reduced, E does not split. Hence ffij^Zpn is not 
pure-split. This contradicts with the fact that G is pi-poor. Therefore, T p (G) can 
not be bounded. □ 

Let Qp be the localization of Z at the prime ideal pZ. Note that the elements of 
Qp are of the form ab~ x , where a,b £ Z, 6^0 and gcd(&,p) = 1 

Lemma 5.2. Let p be a prime integer and N be a reduced torsion group. Then for 
every homomorphism f : Q p -A- N, Im / is bounded. 

Proof. For every prime q ^ p, it is clear that qQ p = Q p i.e. Q p is ^-divisible, and 
T q (N) is reduced. Then for n q o f : Q p —» T q (N) , where ir q : N —>■ T q (N) is 
the natural projection, (n q o /)(Q p ) is a g-divisible subgroup of T q (N). Therefore 
(tt q o /)(Qp) is divisible, and so n q o f = 0, because T q (N) is reduced. Thus 
Im/ = /(Qp) C T p (N). Put a = /(1) and o(a ) = p", where o(a ) the order of a. 
Let 6c _1 be any element of Q p with gcd(c,p) = 1. Then gcd(c,p") = 1, therefore 
cy +p n z = 1 for some y,z £ Z. Now b = bey + bp n z, so &c _1 = by + bp n zc~ 1 . Note 
that, cf{bp n zc~ 1 ) = bzp n f(l) = zp n a = 0. Let x = f(bp n zc~ 1 ) and o(x) = p m . 
Since gcd(c,p m ) = 1, we have cu + p m v = 1 for some u,v £ Z. Then x = ucx + 
vp m x = ucx = 0, and so /(6c _1 ) = f(by) + x = f(by) = byf( 1) £ (/(1)). Hence 
Im / is contained in (/(1)), and so it is bounded. □ 

A cotorsion group G is a group satisfying Ext(Q, G) = 0. 

Theorem 5.3. There is a group G such that G is not pure-split and every reduced 
torsion group N is G-pure-injective. Hence a pi-poor group can not be torsion. 

Proof. Fix any prime p. Since Q p is not cotorsion, Ext(Q,Q p ) ^ 0 (see, [5], p.226, 
Ex. 15). So there is a non splitting pure sequence 

0—>Qp—>-G-»Q—>0. 

Hence G is not pure-split. For every prime q ^ p, Q p and Q are ^-divisible, 
therefore G is also g-divisible. We claim that, N is G-pure injective. Without loss 
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of generality we can assume that Q p is a subgroup of G and G/Q p = Q. Let K be 
any nonzero pure subgroup of G and f : K N be any homomorphism where N 
is a torsion reduced group. Then K is g-divisible for every prime q ^ p since K is 
a pure subgroup of G and G is g-divisible. Clearly the rank of K is at most 2. So 
have two cases: 

Case I: ro(A') = 1. If K is also p-divisible, then K is divisible. So I\ = Q, and 
the inclusion K —> G splits, so / can be extended to a homomorphism f':G—tN. 
Now let K be not p-divisible. K and Q p are of the same type, and so K = Q p 
(see, [5} Theorem 85.1]). Therefore Im/ is bounded by Lemma [5.21 Then Im/ is 
pure-injective, hence / : K —>■ N can be extended to a homomorphism /' : G —> 
Im / < N. 

Case II: ro(K) = 2: We claim that K = G. Otherwise, since G/K is a nonzero 
torsion-free group, ro(G/K) > 1. Then 2 = ro(G) = ro(K) + ro(G/K) > 2, a 
contradiction. Hence G = K. 

As a consequence, N is G-pure-injective. This implies that N is not pi-poor. 

□ 

Corollary 5.4. Let M be a pi-poor group. Then M ^ T(M) and T p (M) is un¬ 
bounded for every p £ P. 

Lemma 5.5. Let M and N be right R-modules. Assume that N is (pure-)injective. 
Then M © N is (pi-)poor if and only if M is (pi-)poor. 

Proof. For a right I?-module B , it is clear that Af © N is £?-(pure-)injective if and 
only if M is H-(pure-)injective. □ 

Example 5.6. Let G = © pe pZ p . Then G is poor by Theorem 13.11 On the other 
hand, since T p (G) = h p is bounded, G is not pi-poor by Proposition 15.II 

Example 5.7. Let M be as in Theorem 14.11 and let V be the sum of all direct 
summands isomorphic to r L p . If M = V © K , then K is pi-poor by Lemma 15.51 
But K is not poor by Theorem 13.11 since I\ does not contain a direct summand 
isomorphic to Z p . So pi-poor modules need not be poor. 
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